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SOME RESULTS ON TWO-SIDED LIL BEHAVIOR 

By Uwe Einmahl 1 and Deli Li 2 

Vrije Universiteit Brussel and Lakehead University 

Let {X, X n ;n > 1} be a sequence of i.i.d. mean-zero random vari- 
ables, and let S n = Xi,n > 1. We establish necessary and suffi- 
cient conditions for having with probability 1, < limsup n _ >00 \ S n \/ \J nh(n) < 
oo, where h is from a suitable subclass of the positive, nondecreasing 
slowly varying functions. Specializing our result to h(n) — (loglogn) p , 
where p> 1 and to h(n) = (log?i) r , r > 0, we obtain analogues of 
the Hartman-Wintner LIL in the infinite variance case. Our proof is 
based on a general result dealing with LIL behavior of the normalized 
sums {Sn/ c n \n> 1}, where c„ is a sufficiently regular normalizing se- 
quence. 

1. Introduction. Let {X, X n ;n > 1} be a sequence of real- valued inde- 
pendent and identically distributed (i.i.d.) random variables, and let S n = 
J2i=i Xi,n> 1. Define Lx = log e max{e, x] and LLx = L(Lx) for i£i. The 
classical Hartman-Wintner law of the iterated logarithm (LIL) states that 

(1.1) lim sup ±S n /(2nLLn) 1 ^ 2 = a a.s. 

n— >oo 

if and only if 

(1.2) EX = and cr 2 =EX 2 <oo. 
Moreover, if (1.2) holds, then 

(1.3) C({S n /V2nLLn;n> 1}) = [-a, a] a.s., 

where C({x n ;n > 1}) stands for the cluster set (i.e., the set of limit points) 
of the sequence {x n ; n > 1}. See [8] for the "if" part and [24] for the converse. 
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The conclusion (1.3) is due to Strassen [23]. Actually, in this fundamental 
paper, Strassen [23] obtained a functional LIL as well as invariance principles 
which are in many respects at the origin of the study of LIL in a vector- valued 
setting. For very efficient and self-contained proofs of the Hartman-Wintner 
LIL which do not use the Kolmogorov LIL [14] see, for example, [2] or [7]. 

It is natural then to ask whether one can find analogous results for vari- 
ables with infinite variance. This of course requires different normalizing se- 
quences and also sometimes different centering sequences. In the case where 
{X, X n ; n > 1} is a sequence of symmetric real-valued i.i.d. random variables, 
Feller [6] (see [10, 19] and [3] for some clarification) studied the problem of 
determining when it is possible to find a positive regular monotone sequence 
{a n ; n > 1} such that 

(1.4) limsup \S n \/a n = 1 a.s. 

n— »oo 

In this case, one speaks of two-sided LIL behavior. 

Of course one can also address the corresponding one-sided LIL behavior 
problem with centering {<5 n }, that is, when one has for a suitable (regular) 
sequence b n 

(1.5) < limsup(S' n — 5 n )/b n < oo a.s. 

n— >oo 

For some basic work in this direction refer to [11, 12, 13] in the finite expec- 
tation case where 5 n = nEX and for more general results see also [22] . 

Kuelbs and Zinn [17] showed that the techniques of Klass [11] are also 
extremely useful for the LIL problem in Banach space, and this was further 
elaborated by Kuelbs [16] and Einmahl [4] . The main purpose of the present 
paper is to address some still open questions in connection with two-sided 
LIL behavior for real-valued random variables with finite expectation. 

To cite the relevant work in this direction let us first recall some definitions 
of Klass [11]. As above, let X : f2 — > IR be a random variable and assume that 
0<E|X| <oo. Set 

H(t) :=EX 2 I{\X\ <t} and M(t) := E| X\I{\X\ > t}, t>0. 

Then it is easy to see that the function G(t) := t 2 /(H(t) + tM(t)), t > 0, is 
continuous and increasing with an inverse function K(x), x > 0. Moreover, 
one has for this function K that as x /* oo 

(1.6) K(x)/y/x / (EX 2 ) 1 / 2 G ]0, oo] 
and 



(1.7) 



K(x)/x\0. 
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Set 7„, = \^2K(n/LLn)LLn, n > 1. Klass [11, 12] established a one-sided 
LIL result with respect to this sequence which also implies the following 
two-sided LIL result if EX = 0: 

(1.8) limsup|5 n |/7 n = 1 

n— >oo 

if and only if 

oo 

(1.9) E P {I X I >7n}<00. 

n=l 

(Actually, Klass [11, 12] proved that the limiting constant is G [2 _1 / 2 ,3- 
2 -3//2 ] and showed later in [13] that this is optimal in the one-sided case. 
For the calculation of the limiting constant in the two-sided case, see [4] and 
also Section 3 of the present paper.) 

We thus see that if condition (1.9) is satisfied, one obtains an LIL result 
which extends the classical Hartman-Wintner LIL. [Note that if < a 2 = 
EX 2 < oo, we have that K(n/LLn)LLn ~ o\J nLLn and condition (1.9) is 
trivially satisfied so that the Hartman-Wintner LIL is a special case of (1.8).] 

Moreover, Klass [11] (see his Theorem 4.1) has shown that if EX = and 
c n > y/Q/^jn is a sequence so that c n /n l l 2 is increasing, one has 

(1.10) limsup \S n \/c n < 1 a.s. 

n^oo 

if and only if 

oo 

(l.H) E P {I X I >Cn}<CX). 

n=l 

This implies for sequences c n satisfying c n /^ n — > oo 

(1.12) limsup \S n \/cn = or oo a.s. 

n-^oo 

according as 

oo 

(1.13) EP{|X| > c n } < oo or =oo. 

n=l 

We thus see that if one considers "big" sequences as above, one can only 
obtain stability results, but no longer LIL behavior. 

Here we shall investigate whether there are still LIL type results if con- 
dition (1.9) is not satisfied and, moreover, whether one can find "nicer" 
norming sequences than {7 n }- This sequence is very appealing in that it is 
defined in a universal way depending on the distribution of X only, but if 
one looks at concrete examples it can be quite difficult to determine {7 n }- 
Another problem is that in certain situations the sequence j n can be too 
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small. An example which was discussed by Feller [6] and Pruitt [22] is a 
symmetric random variable X with Lebesgue density fx( x ) = | a? | 3 , \x\ > 1. 
In this case it is easy to calculate j n , but assumption (1.11) is not sat- 
isfied so that the LIL of Klass does not apply, nor do the LIL results of 
Feller [6] and Pruitt [22]. It seems to be still an open problem whether, in 
this particular case, there exists a "nice" normalizing sequence a n so that 
limsup^oo \S n \/a n = 1 a.s. 

We first address the following modified form of the LIL behavior problem. 

Problem 1. Given a sequence, a n = \Jnh(n), where h is a slowly vary- 
ing nondecreasing function, we ask: When do we have with probability 1, 
< limsup n _ +D0 \ S n \/a n < oo? 

One possibility would be to look for conditions implying j n a n , but as 
we are dealing with almost sure convergence one has many more possibilities 
for finding normalizing sequences than in the weak convergence case. Under 
an additional assumption on h we will establish a necessary and sufficient 
condition for LIL behavior with respect to the given sequence a n . Using this 
result we can also find a normalizing sequence of this type for the Feller- 
Pruitt example (see Section 5 below). 

At first sight our result might look quite different from the Klass LIL, but 
it will turn out that our conditions imply 

(1.14) < liminf a n /j n < oo 

n-+oo 

which shows that we are in the range between the LIL result (1.8) and the 
stability result (1.12). It is natural then to pose a second related question, 
namely 

Problem 2. Consider a nondecreasing sequence c n satisfying < liminf n ^oo c n /j n < 
oo. When do we have with probability 1, < limsup,^^ \S n \/c n < oo? If 
this is the case, what is the cluster set C({S n /c n ;n > 1})? 

From Corollary 10 of [20] in combination with (3.5) below it follows that, 
under a mild regularity assumption on the sequence {c n }, the above limsup 
is equal to a certain parameter «o- We shall additionally show that the cor- 
responding cluster set C({S n /c n ;n > 1}) always coincides with the interval 
[— ao 5 ao] (see Theorem 3 below). It is then clear that we have LIL behavior 
with respect to the normalizing sequence c n if and only if < < oo. Thus, 
in principle, this solves Problem 2. There is still a difficulty, namely, the de- 
termination of this parameter. For that reason, we shall also show that under 
assumption (1.14) one can define this parameter differently, which makes the 
calculation of ao feasible in many cases of interest (see Theorem 4) . This way 



TWO-SIDED LIL BEHAVIOR 



5 



we can immediately reobtain the two-sided version of the Klass LIL (1.8) 
and we get a whole class of new LIL type results as indicated in Problem 1 . 
(For a survey of some other work on Problem 2 refer to Sections 7.3 and 7.5 



The plan of the paper is as follows. Our main results regarding Problem 
1, Theorems 1 and 2, and their corollaries as well as Theorems 3 and 4 
are presented in Section 2. In Section 3 we prove the two latter theorems 
and in Section 4 we show how one can infer Theorems 1 and 2 from them. 
After giving a few examples and some further comments in Section 5, we 
finally determine the desired "nice" normalizing sequence for the Feller- 
Pruitt example. 

2. Statement of main results. Before we can formulate our results, we 
need some extra notation. Let 7i be the set of all continuous, nondecreasing 
functions h: [0,oo[— >]0,oo[, which are slowly varying at infinity. By mono- 
tonicity the slow variation of h is equivalent to lim^oo h(et)/h(t) = 1. Very 
often one can even show that lim^oo h(tf(t))/h(t) = 1, where / is an increas- 
ing function such that lim^oo f(t) = oo. For instance, if h(t) = LLt, t>0, 
this is the case for f(t) = t. In the literature this is also called super-slow 
variation (refer to pages 186-188 in [1] for more information and background 
on this notion). 

For our purposes the functions f T {t) := exp((Lt) T ), < r < 1, will be most 
important. Clearly if lim^oo h(tf(t)) /h(t) = 1 holds for / = f T , where r > 
this also holds for f = f T ', < r 1 < r. Thus, the bigger we can choose the 
parameter r, the slower is the variation of the given function h. (Also note 
that this condition with r = is equivalent with slow variation.) 

Given < q < 1, let 7i q C TL be the class of all functions so that 



and set 7i\ = 7i. We consider q as a measure for how slow the variation is. So 
functions in Tio are the "slowest" and it will turn out that this class is par- 
ticularly interesting for LIL type results (see Theorem 2 below). Examples 
for functions in 7i$ are h(t) = (Lt) r , r > 0, and h(t) = (LLt) p , p>0. 

The following Theorem 1 gives LIL type results if A > and stability 
results if A = with respect to a large class of normalizing sequences, without 
assuming that EX 2 < oo. 

Theorem 1. Let X,X\,X2, ■ ■ ■ be i.i.d. random variables, and let S n = 
J27=l Xi,n> 1. Given a function h G 7i q where < q < 1, set VP (a;) = \Jxh(x) 
and a n = VJ'(n), n > 1. If there exists a constant < A < oo such that 



of [21].) 



lim h{tf T {t))/h(t) = 1, 

t— >oo 



< r < 1 - q, 



(2.1) EA = 0, 



e* -1 (|a:|) < oo 



lim sup 



¥-1 



(xLLx) 




x 



2 LLx 



G 
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then we have 

(2.2) (1 -g) 1/2 A<limsup|S' n |/a n < A a.s. 

n— too 

Conversely, if q < 1, then the relation 

\S n \ 

(2.3) limsup — — < oo a.s. 

n^oo a n 

implies that (2.1) holds for some A < oo. 

Moreover, the limsup in (2.3) is positive if and only if (2.1) holds for 
some A > 0. 



Note the limsup in condition (2.1). If this is actually a limit or if the 
corresponding liminf is positive, one can show that a n ~ j n and one could 
obtain (2.3) from the Klass LIL (with less tight bounds on the limiting con- 
stant). This is no longer possible if the liminf is equal to 0, which clearly 
indicates that we can obtain LIL type results in many situations where the 
Klass LIL does not apply. The reader will notice that we have taken advan- 
tage of this additional possibility for proving such results when choosing a n 
in the Feller-Pruitt example (see Section 5). 

For slowly varying functions h E TCq we obtain a complete analogue of the 
Hartman-Wintner LIL. 

Theorem 2. Assume that h G TIq and let ^ and {a n } be as in Theo- 
rem 1 . For any constant < A < oo we have: 

(2.4) lim sup ±S n /a n = A a.s. 

n— too 

and 

(2.5) C({S n /a n ;n>l}) = [-\,\] a.s. 
if and only if condition (2.1) holds. 



We shall illustrate Theorem 2 by considering the following two special 
cases: 



Case 1. Take h{x) = 2(LLx) p where p > 1. Then it is easy to check that 

lim n , . t— — r , = 1. 
x^oo x 2 1 (2(LLx)p) 

It follows that 

^~ 1 (xLLx)/{x 2 LLx) _ 
i^o 1/(2{LLx)p~ 1 ) ~ ' 
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Case 2. Choose h(x) = 2(Lx) r where r > 0. One easily sees that 

* _1 (a?) 



and 



Jim - ^ = 2 ^ +1 ) 

x^oo x 2 1 (Lx) r 

Hm y-\xLLx)/{x 2 LLx) = 2 _ (r+1) 
x^oo LLx/(Lx) r 
Thus Theorem 2 implies the following two results. 

Corollary 1. Let p > 1. For any constant < A < oo we have: 

limsup — — = A a.s. 

n— >oo y / 2n(LLn)P 

if and only if 

(2.6) EX = 0, EX 2 / (LL\X\) P < oo, limsup(LLx) 1 ~ p i?(x) = A 2 . 

x^oo 

Remark 1. If p = 1, then condition (2.6) is equivalent to 

EX = and EX 2 = A 2 . 

We see that the classical Hartman-Wintner LIL is a special case of Corollary 
1. 

Corollary 2. Let r > 0. For any constant < A < oo we have: 

lim sup = = = A a.s. 

rwoo \/2n[Ln) r 

if and only if 

I T r 

(2.7) EX = 0, EX 2 /(L\X\) r < oo, limsup ———H{x) = 2 r A 2 . 

x— »oo yLiXj 

For a further corollary to Theorem 1 (where < q < 1) refer to Section 5. 
If condition (2.1) in Theorem 1 is satisfied with A = we obtain the following 
stability result. 

Corollary 3. Let hGTC and let ^ and {a n } be as in Theorem 1. If 

(2.8) EX = 0, E* -1 (|X|)<oo, lim - ^ H(x) = 0, 

x^oo x z LLx 

then 

(2.9) lim S n /a n = a.s. 

n— >oo 

Moreover, if h £ /or some g < 1, i/ien condition (2.8) is necessary and 
sufficient for (2.9) io ZioZd. 



8 U. EINMAHL AND D. LI 

Remark 2. We note that after some work (2.9) also follows from (1.12) 
(see Remark 5 in Section 4). The necessity of condition (2.8) is a new result 
as far as we know. 

We first look at Problem 2 for sequences c n satisfying the following two 
conditions: 

(2.10) c n /^/oo 
and 

(2.11) Ve > 3m £ > 1 : c n /c m < (1 + e)(n/m), m £ <m<n. 

Note that condition (2.11) is satisfied if c n /n is nonincreasing (e.g., if c n = 
j n ) or if c n = c(n), where c: [0, oo) — ► [0, oo) is regularly varying at infinity 
with exponent 7 < 1. (This includes all the sequences {a n } considered in 
Problem 1.) 

Theorem 3. Let X, X\,X2, ■ ■ ■ be i.i.d. mean-zero random variables. 
Assume that 

00 

(2.12) ^P{|X| >c n }<oo, 

n=l 

where c n is a sequence of positive real numbers satisfying conditions (2.10) and (2.11). 
Set 




where a\ = H(Sc n ) and 5 > 0. 

Then we have with probability 1, 

(2.13) C({S n /c n ;n>l}) = [-a ,a ] 
and 

(2.14) \imsup\S n \/c n = a Q . 

Remark 3. As mentioned above, (2.14) also follows from Corollary 10 
of [20], where the parameter ao has been defined slightly differently. It is 
easy to see that our definition is consistent with his definition. Also note 
that ao can be infinite. [Choose, e.g., c n = n l / 2 {LLn) l / 4: .] 

Theorem 4. Let X and c n be as in Theorem 3. Further assume that 
a := liminfj^oo c n /j n > 0. Then we can choose a n in the definition of ao 
equal to H(d n ), where d n < c n can be any sequence satisfying 

(2.15) log (c n /dn ) /LLn — > as 00. 
Moreover, we have in this case ao < 1/a < 00. 
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Remark 4. Note that Theorem 4 also gives the upper bound part of 
the LIL result (1.8) (just set c n = 7 n ). In general, this result will be very 
helpful for finding upper bounds for cto as it allows us to replace 5c n by a 
"small" d n . If one wants to find a lower bound for ao one normally should 
choose d n = c n , and Theorem 3 will be sufficient. So it is not too surprising 
that the lower bound part of (1.8) already follows from Theorem 3 (see end 
of Section 3). 

3. Proofs of Theorems 3 and 4. Throughout the whole section we as- 
sume that {c n } is a sequence of positive real numbers satisfying conditions 
(2.10) and (2.11). Moreover, X,X±,X2, ■ ■ ■ will always be a sequence of i.i.d. 
mean-zero random variables satisfying 

oo 

Y,n\x\>cn}<^. 

n=l 

In the first lemma we collect some more or less known facts which we need 
for the proof of Theorem 3. 

Lemma 1. We have 

oo 

(3.1) ]TE|X| 3 /{|X| <c n }/c 3 n <oo, 

71=1 

OO 

(3.2) ^>{|X| >ec n } <oo Ve>0, 

71=1 

(3.3) H(c n )=EX 2 I{\X\<Cn} = o(c 2 n /n) as rw oo, 

(3.4) M(c n ) =E\X\I{\X\> c n } = o(c n /n) asn^oo, 

(3.5) E\S n \ = o(c n ) asn^oo. 

Proof. For the first fact refer, for instance, to Lemma 1 of [3]. We only 
need to prove (3.2) if e < 1. In this case it directly follows from (3.1) via the 
inequality 

< \X\ < c n } < e~ 3 E\X\ 3 I{\X\ < c n }/c 3 n . 

To prove (3.3) we first note that ^n=i^{l^l — °n} < oo is equivalent to 
J2j^=i3Pj < °°j where pj = P{cj_i < \X\ < Cj}, j > 1 (with cq = 0). 
Then we readily obtain for any jo > 1 and n > jo + 1, 

n 

nH(cn)/<? n = nH(c jo )/c 2 n +n ^ {H( Cj ) - H(cj-x)}/<* 

i=io+i 
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71 

<nH(c jo )/c 2 n + Pjn(cj/c n ) 2 

J =,30+1 
oo 

<nH(c jo )/cl+ 3Pj- 

3=30+1 

Choosing jo so large that Y^jLj +i3Pj < e > we see that 
limsupnf/'(c n )/c^ < e, e > 0, 

71— >00 

which proves (3.3). 

To see (3.4) simply note that on account of (2.11) there exists a constant 
K > 1 so that 

oo oo 

nE\X\I{\X\> c n }/c n <n ^ CjPj/c n <K ^ 3Ph 

j=n+l j=n+l 

which goes to zero as n — > oo. 

If X has a symmetric distribution we have 

E|5„| < {nH{c n )) l/2 + nE\X\I{\X\ > c n }, 

and fact (3.5) follows in this case by combining the two previous facts. Us- 
ing a standard symmetrization argument, we obtain (3.5) for nonsymmetric 
random variables as well. □ 

We now determine the cluster set C({S n /c n ;n > 1}) =: A, where we use 

Theorem 3 of [9]. (It is easily seen that c n satisfies the conditions of this 

IP 

result.) Since S n /c n — ► [see (3.5)], it follows from Kesten's result (see also 
[15]) that 

oo ^ 



x£C({S n /c n ;n>l}) ^=> V -F{\S n /c n - x\ < e} = oo 

(3.6) 



n=l 



Ve>0. 

Using this equivalence, one can further prove 
Lemma 2. We have 

oo j 

(3.7) x£A ^> V-P{|S n , n ,/c n -d <e} = oo Ve>0, 



1 n 

71=1 



■where S n>n = Y,i=i{ X n,i ~ ^Xn,i}i X n,i = XiI{\Xi\ < d n } and d n = 5c n , with 
5>0. 
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Proof. In view of (3.6) it is enough to show that 

oo 

(3.8) ^n- 1 P{|5 n -5 ni „|>ec n }<cx3 Ve>0. 

71=1 

Recalling (3.2) and (3.4), we have as n — > oo, 



n 



t=l 



<nE\X\I{\X\ >5c n }=o(c n ) 



and we can infer that for large n 

n\Sn - S n , n \ > EC n } < P js n + £ X„,j j 
which is less than or equal to 

n¥{\X\ >Sc n } 
and we readily obtain (3.7) from (3.2). □ 

From (3.5) we obtain that € A and we can focus on the nonzero elements 
of A. 

Lemma 3. Let s^O. Then we have 

oo 

(3.9) x£A <=> J" -F{\a n Vn~Z/c n - x\ < e} = oo Ve>0, 

n=l 

where Z is a standard normal variable and a\ = H(5c n ), with 5 > 0. 

Proof. Using a well-known nonuniform Berry-Esseen type inequality 
(see, e.g., Theorem 5.17 on page 168 in [21]), it follows that for < e < \x\/2, 

\H\Sn,n/c n - x\ < e} - P{\a n ^Z/c n - x\ < e}\ 

< 16C|x|- 3 nE|X nil - EX n:1 \ 3 /cl < 128C\x\- 3 nE\X\ 3 I{\X\ < c n }/4, 

where in the last step we have used the c r -inequality. C is an absolute 
constant and a\ = Var(X ni x). Recalling (3.1) we see that x G A is equivalent 
to 

(3.10) ^2-F{\a n y/nZ/cn-x\<e} = oo Ve>0. 

n=l n 

Let b\ = a 2 — a\ = (EXn^) 2 . By the dominated convergence theorem we 
have 5 n — > as n — ► oo and recalling that o~ 2 /* EX 2 > we see that 

(3.11) a 2 /a 2 ^l as n — > oo, 
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from which we readily obtain that the series condition in (3.7) is equivalent 
to (3.9) and the lemma has been proven. □ 

Using the trivial inequality F{Z >t + s}< F{Z > t}/2, s>l/t,t> 0, we 
can further simplify the lemma about clustering as follows. 



Lemma 4. We have, 

Inol 



(3.12) xeA <=> E^ex P f- (|x ' ff* )=oo V £ >0, 



1 n 

n=l 



where is defined as in Lemma 3. 

Proof. If x = 0, the equivalence is trivial. If x > 0, we have in view of 
Lemma 3 that x € A is equivalent to 

oo 

(3.13) V -¥{x-e<a ri yJnZ/c ri <x + e} = oo Ve>0. 

n=l 

This trivially implies that 

OO -■ 

(3.14) V -¥{x - e < a n yJnZ/c n } = oo Ve>0, 

n=l 

which in turn by standard estimates of the tail probabilities of the normal 
distribution is equivalent to the series condition in (3.12). It remains to show 
that (3.14) implies (3.13). To that end we note that if e < x/2, 

mr t— , ™ f (x — e)c„ 2ec„ 1 If (x — e)c„ 1 

F{a ny /EZ cn >x + e}=P\Z> V - ' " + ~p~ < -P \Z > V - ; , 

provided that 

2ec n /(y/na n ) > s/na n /{(x - e)c n }. 

Relation (3.3) implies = H{5c n ) = o(c^/n) and it follows that the above 
condition is satisfied for large n. We thus have in this case, 

2¥{x -e< y/na n Z/cn < x + e} > P{x - e < y/na n Z/cn}. 

It is now evident that (3.14) implies (3.13) and the proof of the lemma is 
complete if x > 0. If x < 0, the lemma follows by symmetry. □ 

We are now ready to prove (2.13). By monotonicity of the exponential 
function and the definition of cto we have 

oo / 2 2 \ f ■ r 

Vn^expf -3L<) I = °' ifa<«o, 
^ V 2ncr2y\<oo, ifa>a - 

71=1 lL 
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Therefore if ao = oo, it trivially follows from Lemma 4 that iDi, which of 
course implies that A = [—00,00]. 

Assume now that < ao < 00. If \x\ < ao an d consequently (\x\ — e) + < 
ao, Ve > 0, we see that the series in Lemma 4 diverge for any e > so that 
[-a ,a ] C A. 

Likewise, it follows that these series converge if |x| > ao > and e is 
sufficiently small. Thus such points are outside A which implies that A = 
[— ao,ao] and the first part of Theorem 3 has been proven. 

If ao = 00, then (2.13) immediately implies (2.14), but if ao is finite the 
limsup in (2.14) still could be infinite. For that reason we have to add an 
extra argument to rule this out. Of course, we could apply Corollary 10 
of [20], but since we already know the cluster set we do not need a precise 
upper bound for the limsup. Once we know that the limsup is finite it follows 
from (2.13) that it must be equal to ao- Here is a simple direct argument 
establishing this missing part of (2.14). 

Proof of (2.14). We assume that ao < 00. Choosing 5 = 1, it follows 
that there exists an a > ao such that 

00 

(3.15) rT 1 exp(— a 2 c 2 / (2ra<7 2 )) < 00, 

n=l 

where cr 2 = H(c n ). 

Set rik = 2 k , k> 1. Then (3.15) immediately implies that 

OO OO n k + l — 1 

n ~ X exp(-a 2 c 2 / (2tict 2 )) > ^ ^ n" 1 exp(-a 2 c 2 / {2na 2 n )) 

n=l k=l n=n k 

CO 

> J2 lQ g( 2 ) exp(-a 2 c 2 fe+1 /(2n fc a 2 fc )) . 

k=l 

Recalling (2.11) which implies that for some constant K > 1, c nk+1 /c n , k _ 1 < 
4K, we find that 

00 

(3.16) ^exp(-8^ 2 a 2 c 2 fc _ 1 /(n fc (T 2 J) < 00. 

k=2 

We next employ Theorem 3 on page 74 in [3] . Assuming that the underlying 
probability space is rich enough and using (3.3), we can define a sequence of 
independent normal mean-zero random variables Y n , n > 1, where Var(Y n ) 
=: a 2 = Var(X/{|A| < c n ,}) so that we have for the sums T n = J2?=iYi, 
n > 1, with probability 1, 

(3.17) (S n - T n )/c n -> as/woo. 
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It is thus sufficient to prove that with probability 1, 

(3.18) limsup \T n \/c n < 4Ka. 

n— >oo 

By the Borel-Cantelli lemma this follows once we have shown that 

(3.19) V p( max \T m \ > AKac n , \<oo. 

But using a standard maximal inequality for normal random variables along 
with the fact that < H{c nk+1 ) = 1 < m < we find that 

(3.20) P( max \T m \ > AKac nk ) < 2exp(-8K 2 a 2 c 2 n J{n k+1 a 2 n )), 

which in view of (3.16) implies (3.19). This completes the proof of (2.14). 

□ 

Proof of Theorem 4. Let < d n < c n , a 2 1 := H(d n ) and define 

/ ^ n V* -l ( \ 1 

ai = sup< a > : n ex P I — ) = 00 i ' 

I n=l ^ 2n<T n,lJ J 

As we have 

it is trivial that a\ < ao- 

We now consider normalizing sequences c n satisfying a : = liminf n _>oo c n /j n > 
and we choose d n < c n so that condition (2.15) is satisfied or, equivalently, 
d n = Cn/ (Ln) 6n , where e n — ► 0. Let further A n = cr^ — a 2 1 . In order to show 
that ao = a± it is enough to prove that 

(3.21) y n^expl-^) <oo Ve>0. 



To see that, choose a 5 > 0, and observe that 



2„2 



arc 



6XP r^lJ ^ 6XP r 2 n(l + 5)<J +6XP v-2n(l + A)Aj- 

From (3.21) it is then obvious that ao < \A + Soli. Since we can choose 5 
arbitrarily small, we see that a± = ao. 

To prove that ao < 1/a, we set d n = c n j (2aLLn) and use the fact that for 
large n a\ i < H(K{n/ LLn)) < K 2 (n/LLn)LLn/n. Replacing a\ 1 in the 
definition of a\ by this upper bound, we readily obtain that ao = a\ < 1/a 
and Theorem 4 has been proven subject to the verification of (3.21). □ 
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Proof of (3.21). We use the same idea as in the proof of (2.14) of [5]. 
Recall that we have by definition of the i^-function 

(3.22) H(K(x)) = EX 2 I{\X\ < K(x)} < K 2 (x)/x, x > 0, 
and 

(3.23) M(K(x))=E\X\I{\X\>K(x)}<K(x)/x, x>0. 

To estimate A n = EX 2 I{d n < \X\ < c n } we observe that by (3.22) and 
Cauchy-Schwarz, 

A n <EX 2 I{\X\ <K(n/LLn)} + EX 2 I{\X\ > K(n/LLn),\X\ <c n } 
< K 2 {n I LLn)LLn / n 

+ (E\X\I{\X\ > K(n/LLn)}) 1/2 (E\X\ 3 I{\X\ < c n }) 1/2 . 

By assumption there exists an no > 1 so that c n > aK(nj ' LLn)LLn for n > 
ng. This implies in conjunction with (3.23), 

c 2 

(3.24) A n < —^-[{LLn)" 1 + (na 3 E\X\ 3 I{\X\ < c n }/4) 1/2 ], n > n . 

a z n 

Set N = {n> n :na 3 E\X\ 3 I{\X\ < c n }/c 3 n < (LLn)~ 2 }. Then we have 

(3.25) A n <2c 2 n /{a 2 nLLn), neN . 

As d n = c n /(Ln) £n , where e n — ► 0, we trivially have for n > 1, 

(3.26) A n < E|X| 3 /{|X| < c n }/d n = {Lnf-E\X\ 3 I{\X\ < c n }/c n . 

Employing the two bounds for A n and recalling (3.1) we obtain via the 
trivial inequality exp(— x) < 2x~ 1 exp(— x/2) that 

n~ 1 exp{-ec 2 l /(nA n )} 

nGTVo 

oo 

(3.27) <2e- 1 ^(A n /c 2 )(Ln)— 2 /4 

n=l 

oo 

< 2e~ l ^\X\ 3 I{\X\ < c n }c- 3 (Ln) £ "" ea2 / 4 < oo. 

n=l 

If neN 1 ={n>n :n£N }, then A n < 2c 2 l {E|X| 3 /{|X| < c n }/(anc 3 )} 1 / 2 , 
and it follows from e~ x <2/x 2 that 

Y n" 1 exp{-ec 2 8 /(nA n )} 

neNi 



(3.28) < Y n- 1 exp(-(e/2) v /a/n(E|X| 3 /{|X| <c n }/ C 3 )^/ 2 ) 



oc 



< 8a^e- 2 J2 ^\X\ 3 I{\X\ < c n }/c 3 n < oo. 



n=l 



16 



U. EINMAHL AND D. LI 



This shows that (3.21) holds. □ 

Note that in the above proof we only use property (2.10) so that this 
relation holds for any sequence c n of positive real numbers such that c n J ' \fn 
is nondecreasing. To conclude this section we show how the lower bound 
part of (1.8) follows from Theorem 3. To that end, it is sufficient to prove: 

Lemma 5. //hmsup rwoo c Tl /^ n < 6 < oo, we have limsup n _ )00 \S n \/c n > 
1/6 a.s. 

Proof. We apply Theorem 3 with 5 = 1. Then we have for large n, 

ai = H(c n ) > H(K{n/LLn)) + K(n/ LLn)E\X\I{K(n/ LLn) < \X\ < c„} 

which by definition of the K-function is equal to 

K 2 (n/ LLn) LLn/n - K(n/ LLn)E\X\I{\X\ > c n }. 

Recalling (3.4) we see that liminf n ^ 0O n<7 2 l /{i , r 2 (n/LLn)-LLra} > 1 which in 
turn implies that ao > 1/6. □ 

4. Proofs of Theorems 1 and 2. We first note that by regular variation 
of ^J' -1 we have 

^^(xLLx) nLLn 
(4.1) hmsup j— H [xj = hmsup = — [o-n/ LLn). 

x — >oo X LLx n — >oo CL n 

If one has a lower bound for the above limsup one can infer that, along some 
subsequence, a\ = H(a n ) > ch(n) / 'LLn for a positive c which will imply that 
the series in the definition of ao diverge for small positive a provided that 
the function h is of very slow variation. This way we can prove that Qo is 
positive. (See Part 3 of the proof.) 

If one has an upper bound for the above limsup, one can in principle use 
the same approach to obtain an upper bound for ao - The problem here is that 
the above condition is not at the "natural" truncation level a n . To overcome 
this difficulty, we first show (see Part 1) that under the assumptions of 
Theorem 1 we have liminf n _ >00 a n /^ n > so that we can apply Theorem 4 
which allows us to choose various truncation levels. Once this has been done, 
the upper bound (see Part 2) is straightforward (since any upper bound on 
a limsup holds eventually in n). 

It is then clear that the cluster set A = C({S n /a n :n > 1}) is a bounded 
symmetric interval [— Qo,ao] 5 and we shall show that (1 — q) l / 2 \ < ao < A, 
which clearly implies (2.2). As a matter of fact we then obtain a slightly 
stronger result, namely that under assumption (2.1) we have 

(1 — (?) 1 ^ 2 A < — liminf S n /a n = limsup5 n /a ri < A a.s. 

n >oo n — 

Then Theorem 2 (with the extra information about the cluster set) is obvious 
and it is thus enough to prove Theorem 1. 
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Part 1. We need the following lemmas. 

Lemma 6. Let be as in Theorem 1. Assume that for some A > 0, 
Then we also have 

(4.3) limsup - 1( f, Lt \ l(t) < C(l + V2)A 2 , 

t— >00 t Li Lit 

where C > is a constant so that ^ / ~ 1 (x)/ v I / ~ 1 (y) < C(x/y) 3 / 2 /or large 
x < y. 

Proof. The existence of the constant C follows easily from the Kara- 
mata representation of the slowly varying function y — ► ^S>~ l (y) /y 2 . (See, 
e.g., Theorem 1.3.1 in [1].) We thus can conclude that given 5 > 0, we have 
for large enough t 

oo oo 

M(t) = ^\X\I{2^H < \X\ < 2H} < i^(2 J 'i)/(2 i " 1 i) 

3=1 3=1 

oo 

< (A 2 /2 + 5) LL(2 j t)2 :i+1 t/^' 1 (2 j tLL(2 j t)) 

3=1 

= (A 2 + 25)tLLt/^~ 1 {tLLt) 

oo 

x % (LL(2 j t) /LLt) (^(tLLt) /^~ l {2 j tLL(2n))) 

3=1 

oo 

<C(X 2 + 25)tLLt/^ 1 (tLLt)J2^ j {LLt/{LL(2n)} 1 / 2 2~ 3 ^ 2 

3=1 

oo 

< C{\ 2 + 25)tLLt/^~ 1 (tLLt) 2 ~ j/2 

3=1 

= C(l + \/2)(A 2 + 25)tLLt/y 1 (tLLt). 
Since 5 can be chosen arbitrarily small, we obtain assertion (4.3). □ 

Lemma 7. Let be as in Theorem 1. Then assumption (4.2) for some 
A > implies that liminfn^oo V{n)/K(n/LLn)LLn > 0. 

Proof. Recall that a n = \I/(n). From Lemma 6 and assumption (4.2) it 
follows that there exists a positive constant C so that 

(4.4) \im.suv(H{t) + tM{t))m~ l {tLLt)/(t 2 LLt) < C'X 2 < oo 
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which implies that for large enough n 

(4.5) G(a n /LLn) > cn/LLn 
where 1 > c> 0, and, consequently, 

(4.6) a n /LLn > K(cn/LLn) > cK(n/ LLn) 
and the lemma has been proven. □ 

Remark 5. By a refinement of the above argument (where one has to 
choose the constant c depending on A and show that c goes to infinity as A 
goes to zero) one can also prove that if A = we have ^(n) / K(n/ LLn)LLn — > 
oo as n — > oo. Using this observation, one can infer the sufficiency part of 
Corollary 3 from (1.10). 

Part 2 {the upper bound). In Section 2 we already have noted that the 
sequence a n satisfies assumption (2.10) and (2.11). Using the trivial fact that 
E¥ -1 (|Jr|) <ooifandonlyif££L 1 P{|X| > a n } < oo, we see that Theorem 3 
applies so that limsup^^^ \ S n \/a n = a® a.s. It remains to be shown that 

(4.7) a < A. 

In view of Part 1 we can apply Theorem 4 and it is sufficient to prove that 
if a 2 = H(a n / LLn), we have 

oo 

(4.8) ^n" 1 exp(-a 2 /i(n)/(2o-2)) < oo Va>A. 

n=l 

On account of (4.1) and (2.1), it follows that 2a 2 < (a — 5) 2 h(n)/LLn for 
large n, where 5 = (a — A)/2. 

This in turn implies exp(— a 2 h(n)/(2a 2 )) < (Ln)" 71 , where r\ = a/ (a — 8) > 1. 
This clearly proves (4.8) and consequently (4.7). 

Part 3 (the lower bound and the converse to Theorem 1). We present 
our last lemma from which we can infer both the lower bound in (2.2) and 
the converse to (2.3). 



Lemma 8. Let X : O — > K be a random variable satisfying for some < A < oo, 

~ x (xLU 
x 2 LLx 



(4.9) lim sup - ^ X T L T Lx) H(x) > \ 2 /2 



If h£ H q where < q < 1, we have 

(4.10) limsup \S n \/a n > (1 - q) 1/2 X a.s. 
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Proof. It is sufficient to prove the lemma under the additional assump- 
tion 

(4.11) W.-$- 1 (\X\)<oo and EX = 0. 

To see that note that limsupj^oo |5 n |/a n < oo a.s. implies that limsupj^oo \X n \/a n < 
oo a.s. By Kolmogorov's 0-1 law and the Borel-Cantelli lemma it then fol- 
lows that 

oo 

(4.12) ^>{|X| >a n }<oo 

n=l 

which is equivalent to E^ _1 (|X|) < oo. So if this expectation is infinite, then 
by contraposition the limsup in (4.10) is infinite. 

By the strong law of large numbers this is also the case if EX ^ 0. 

Finally, without loss of generality, we can assume that a n /y/n f oo. [Note 
that Theorem 3 with c n = n 1 / 2 (LLn) 1 / 3 trivially implies that limsup n ^ QO \S n \/a n = oo 
a.s. if EX = and (4.12) is satisfied with a n = 0(y/n).] 

Under the above assumptions Theorem 3 applies. We shall show that 

a >(l-q) 1/2 X. 

It then follows that [-(1 - q) 1/2 X, (1 - q) 1/2 X] C A = C{{S n /a n ; n > 1}). This 
trivially implies (4.10). By definition of «o an d monotonicity, it is enough 
to prove that 

oo 

(4.13) ^2n~ 1 exp(-a 2 h(n)/(2al)) = oo, < a < (1 - q) 1/2 X, 

n=l 

where cr 2 = H(a n / LLn). 
Recalling (4.1) we see that 

(4.14) limsup{LLn//i(n)}^ > A 2 /2. 

71— >00 

Given an a as above, choose < r' < 1 — q so that a 2 = t'X 2 and set r = 
t' + 5/2, where 5 = 1 — q — t' . Let f T be defined as in Section 2. On account 
of (4.14) and the definition of Ti q we can find a subsequence / oo so 
that 

(4.15) «» >^(l-l)^ 
V ; mk ~ 2 V kj LLm k 

and 

(4.16) h(m k ) > (1 - l/k)h{m k f T (m k )), k>l. 

Combining the last two relations we readily obtain by monotonicity of a 2 
in n that 

^ 2 A 2 / 1 \ 2 h(n) . r , 

(4.17) a n > yl 1 - - J j-jr^, m k <n<n k :=[m k f T (m k )\, 
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which in turn implies that 

(4.18) t n-expf-^)>logf^±i)(Ln fc )-^-V^. 

n=m k V Z(7 n / V m k J 

As we have log/ r (mfc) = (logm^) 7 " < logm^ we get for large k 

lo J^±l) {Lnk) -r'/(l-l/kr > {Lmkr{2Lmkr (r> + S/4) > {Lmk) S/* /2 

V rn k J 

which goes to infinity. Recalling (4.18), we obtain (4.13) and the lemma has 
been proven. □ 

Combining (4.7) and Lemma 8, we obtain (2.2). Moreover, in the proof 
of Lemma 8 we have already shown that the assumptions E^ / ~ 1 (|X|) < oo 
and EA = are necessary for (2.2) to hold. 

Furthermore, if lim sup.,,.^^ — -^j^^- H(x) = oo and if q < 1 we can infer 
from Lemma 8 (with arbitrarily large A) that 

limsup \S n \/a n = oo. 

This clearly shows that (2.1) for some A < oo is necessary for (2.3) to hold. 

Likewise, if limsup^^^ - ^Lx^ H( x ) = we obtain by (4.7) (with A = 
0) limsup^^oo \ S n \/a n = a.s. and it is clear that this limsup can only be 
positive if condition (2.1) holds for some A > 0. 

5. Further examples. We first give a corollary to Theorem 1 where h G 
TC q and < q < 1 . We consider 



h q (x) = exp{(Lx) 9 } and ^g(x) = V x exp{(Lx) q } . 
It is easy to see that h q £ TC q . Write 



H q (x) 



x 2 



exp{29(Lx)'?} 



One can check that 
lim 

x— >oo 

We thus have 



*q(H g {x)) _ f 1, if < Q < 1/2, 

e-V 4 , if g=l/2. 



lim 



1, if < g < 1/2, 

™ H q (x) "le 1 / 2 , if g = l/2. 



For 1/2 < q < 1, the precise asymptotic expansion of ^~ 1 (x) is a little bit 
complicated and is left to the interested reader. Applying Theorem 1 to the 
case where < q < 1/2, we have the following result. 
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Corollary 4. Let < q < 1/2. // there exists a constant < A < oo 
such that 

(5.1) EX = 0, e( j^r— ... ) <oo 



and 



(5.2) 



exp(29(L|X|)9; 



LLx A 2 
^ exp( 2g (Lx) g ) ff(x) = T * ° < 9 < V2 ' 

e l / 2 LLx A 2 

limsup = — if q= 1/2, 

x— >oo exp(v2La;) 2 



i/ien we /iaue mf/i probability 1, 

(1 - g )V 2 A < limsup - < A. 

n-+oo ^/nexp((_Ln.)«J 

Here of course it would be interesting to know whether our bounds for the 
above limsup are sharp. In principle one can calculate the precise value of 
the limsup via Theorem 3 and it may depend on the distribution of X. One 
might wonder whether all values in the interval [(1 — g) 1 ^ 2 A, A] can occur or 
whether one can improve the general lower bound we have found. 

Let us take another look at Theorem 1. For a given sequence of i.i.d. 
mean-zero random variables {X, X n ;n > 1}, we may want to know if there 
exists a sequence of positive real numbers {a n ;n > 1} such that 

\S n \ 

(5.3) 0< limsup — — < oo a.s. 

holds and if it does, how to find it. To answer this question, we may try the 
following method. Let again H(x) = K(X 2 I{\X\ < x}), x > 0, and suppose 
there exists a positive and nondecreasing slowly varying function 4>(x) such 
that 

(5.4) limsup —^ = 1; 

x^oo 4>[x) 

we then take ^{x) such that 

^^(xLLx) ,. , 
5.5 TTT^^ = L 

Thus, ty(x) satisfies 
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which is equivalent to 

(5.7) y(x) ~ (x(f)(^(x) I ' LLx)LLx) 1/2 as x ^ oo. 

If h(x) = 4>{^> {x) / LLx)LLx G where g < 1, then (5.3) holds with a n = 
\P(n) if and only if 

(5 - 8) K m\/LL\X\)LL\X\ ) <0 °- 

Of course, if H is already slowly varying at infinity, which implies that 
X is in the domain of attraction to the standard normal distribution, then 
this result holds in general if we choose H = cj> without assuming that q < 1. 
This follows, for instance, from Theorem 1 of [16] . But even in this situation 
it can be very helpful to work with a different (and larger) slowly varying 
function (j). To demonstrate this we shall look at an example which was also 
discussed by Feller [6] and Pruitt ([22], Example 9.4). 

Example. Let {X, X n ;n > 1} be a sequence of real- valued i.i.d. random 
variables with the common symmetric probability density function 

/(*) = J-J{|x|>l}. 
\ x \ 

For this example, Pruitt ([22], page 44) pointed out that it would be possible 
to find a normalizing sequence {a n ;n > 1} such that 

limsupJ— ^- = 1 a.s. 

n— >oo CL n 

Can the normalizing sequence {a n ;n > 1} be explicitly given? Pruitt [22] 
did not answer this question but mentioned that it would not be a very nice 
normalizing sequence. Using our procedure above, we can find a normalizing 
sequence of the form \Jnh(n) with h slowly varying which is not as unrea- 
sonable as one might expect. In fact, for this example, H(x) = 2Lx, x > 0. 
If <pi(x) = 2Lx, x > is chosen to be the 4>(x), then by (5.7), 

^i(x) ~ (xLxLLx) 1 / 2 as x — > oo. 

It is easy to check that (5.8) does not hold with (j>i(x) = 2Lx which implies 

limsup ■ — , = oo a.s. 

n-*oo (nLnLLn) 1 ' z 

However, we may choose foix) = 2Lx(l + LLx sin 2 (LLLx)), x > 0, to be 
the 4>(x). It is easily checked that 4>' 2 {x) > so that this is a function 
in TL. After some calculation it also follows that <f>2 & TCo- We obviously 
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have limsup^oo H(x)/<p2{x) = 1. Moreover, using that ^(x/LLx) ~ 4>2{x) 
as x — > oo, we infer from (5.7) 

fx \ 1/2 
VE^^c) ~ ( —<f>2(x)LLxj as x — > oo 

and (5.8) holds with 4>2(x) since 

X 2 \ /" c 1 r°° 1 
E( — — r — =2/ ■ - d.x + 2 / ■ - da; 

62(|X|)LL|a I / Ji x(p2(x)LLx Jc x<p2{x)LLx 



c i , r°° 1 

/ / \ -r r d,X+ 7y — 

l xq>2\x)LLx Ji l + e^sin y 



< oo, 

where C = e e " . Thus, by Theorem 2, we have 



limsupiSn/ \jlnLnLLn(\ + LLn sin (LLLn)) = 1 a.s. 

n-^oo 

Acknowledgments. The authors thank the referee for very helpful sug- 
gestions to improve the presentation and for mentioning the work of Mar- 
tikainen. They are grateful to Professors R. J. Tomkins and D. M. Mason 
for reading the manuscript and for many valuable comments. 

REFERENCES 

[1] Bingham, N. H., Goldie, C. M. and Teugels, J. L. (1987). Regular Variation. 

Encyclopedia of Mathematics and Its Applications 27. Cambridge Univ. Press. 
MR898871 

[2] de ACOSTA, A. (1983). A new proof of the Hartman-Wintner law of the iterated 

logarithm. Ann. Probab. 11 270-276. MR690128 
[3] Einmahl, U. (1988). Strong approximations for partial sums of i.i.d. B-valued r.v.'s 

in the domain of attraction of a Gaussian law. Probab. Theory Related Fields 77 

65-85. MR921819 

[4] Einmahl, U. (1993). Toward a general law of the iterated logarithm in Banach space. 
Ann. Probab. 21 2012-2045. MR1245299 

[5] Einmahl, U. and Kuelbs, J. (2001). Cluster sets for a generalized law of the iterated 
logarithm in Banach spaces. Ann. Probab. 29 1451-1475. MR1880228 

[6] Feller, W. (1968). An extension of the law of the iterated logarithm to variables 
without variance. J. Math. Mech. 18 343-355. MR233399 

[7] Griffin, P. and Kuelbs, J. (1991). Some extensions of the LIL via self- 
normalization. Ann. Probab. 19 380-395. MR1085343 

[8] Hartman, P. and Wintner, A. (1941). On the law of the iterated logarithm. Amer. 
J. Math. 63 169-176. MR3497 

[9] Kesten, H. (1970). The limit points of a normalized random walk. Ann. Math. 
Statist. 41 1173-1205. MR266315 
[10] Kesten, H. (1972). Sums of independent random variables — without moment con- 
ditions. Ann. Math. Statist. 43 701-732. MR301786 



24 



U. EINMAHL AND D. LI 



[11] Klass, M. (1976). Toward a universal law of the iterated logarithm I. Z. Wahrsch. 

Verw. Gebtete 36 165-178. MR415742 
[12] Klass, M. (1977). Toward a universal law of the iterated logarithm II. Z. Wahrsch. 

Verw. Gebtete 39 151-165. MR448502 
[13] KLASS, M. (1984). The finite mean LIL bounds are sharp. Ann. Probab. 12 907-911. 

MR744246 

[14] KOLMOGOROV, A. N. (1929). Uber das Gesetz des iterierten Logarithmus. Math. 
Ann. 101 126-135. 

[15] Kuelbs, J. (1981). When is the cluster set of S n /a n empty? Ann. Probab. 9 377-394. 
MR614624 

[16] Kuelbs, J. (1985). The LIL when X is in the domain of attraction of a Gaussian 

law. Ann. Probab. 13 825-859. MR799424 
[17] Kuelbs, J. and Zinn, J. (1983). Some results on LIL behavior. Ann. Probab. 11 

506-557. MR704541 

[18] Li, D. L. and Tomkins, R. J. (2003). The law of the logarithm for weighted sums 

of independent random variables. J. Theoret. Probab. 16 519-542. MR2009192 
[19] Maller, R. A. (1980). On the law of the iterated logarithm in the infinite variance 

case. J. Austral. Math. Soc. Ser. A 30 5-14. MR589462 
[20] Martikainen, A. I. (1984). Criteria for strong convergence of normalized sums of 

independent random variables and their application. Theory Probab. Appl. 29 

502-516. MR761134 

[21] Petrov, V. V. (1995). Limit Theorems of Probability Theory: Sequences of Indepen- 
dent Random Variables. Clarendon Press, Oxford. MR1353441 

[22] Pruitt, W. (1981). General one-sided laws of the iterated logarithm. Ann. Probab. 
9 1-48. MR606797 

[23] Strassen, V. (1964). An invariance principle for the law of the iterated logarithm. 

Z. Wahrsch. Verw. Gebiete 3 211-226. MR175194 
[24] Strassen, V. (1966). A converse to the law of the iterated logarithm. Z. Wahrsch. 

Verw. Gebiete 4 265-268. MR200965 



Departement Wiskunde 
Vrue Universiteit Brussel 
Pleinlaan 2 
B-1050 Brussel 
Belgium 

E-MAIL: ueinmahl@vub.ac.be 



Department of Mathematical Sciences 

Lakehead University 

Thunder Bay, Ontario 

Canada P7B 5E1 

E-MAIL : lideli@giant . lakeheadu. ca 



